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EXPONENTIAL DECAY OF WEAK SOLUTIONS FOR HYPERBOLIC
SYSTEMS OF FIRST ORDER WITH DISCONTINUOUS COEFFICIENTS(})

BY
HANG-CHIN LAI
ABSTRACT. The weak solution of the Cauchy problem for symmetric hyper-
bolic systems with discontinuous coefficients in several space variables sat-

isfying the fact that the coefficients and their first derivatives are bounded in
the distribution sense is identically equal to zero if it is exponential decay.

1. Introduction. For hyperbolic systems of first order with sufficiently
smooth coefficients, the existence theorem and the uniqueness theorem of solu-
tions for the Cauchy problem were proved by Petrovskiy, Leary and others (cf.
Gel'fand [3]). Gel'fand [3] proposed the question of what conditions assure the
existence and the uniqueness of solutions of the Cauchy problem in the case of
discontinuous coefficients. Recently, Conway [1], and Hurd and Sattinger [4]
investigated such problems. Conway proved the existence theorem for the case
of a single linear equation in several space variables and the uniqueness theorem
for a quasi-linear equation. Hurd and Sattinger proved the existence theorem for
the case of first order hyperbolic systems in several space variables and the
uniqueness theorem in the case of one space variable. They also proved the ex-
istence theorem and the uniqueness theorem for hyperbolic equations of second
order. On the other hand, Masuda [5] proved a theorem on the exponential decay
of solutions for hyperbolic equations with smooth variable coefficients. In this
paper we shall prove a result on the exponential decay of weak solutions for

first order hyperbolic systems with discontinuous coefficients.

2. Preliminaries and the main result. Let E”*! be the (z + 1)-dimensional
Euclidean space with points denoted by (x, ¢), where x is a point in the n-dimen-
sional Euclidean space and is denoted by its coordinates (xl, EPYERE xn). Let
D be the half space {(x, 1) € E®*!|t> 0}. The hyperplane ¢ = r is denoted by
H,. We consider two (vector-valued) functions u = (ul, Uy von ) ul) and v =

(v, Vyy it vl) defined in D and put
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1
(u, v) = Zuivi and |u|?= (u u).
i=z] '

The space L2(D) is the Hilbert space consisting of all measurable functions
u=(uy, uy +--,u,) for which

[folud?dxar < .

For brevity we use the notation

(u, w) = ||4| %= J];)Iul 2 dx dt.

In the following, f € leoc

defined on a region ) in some Euclidean space means that [ or every component

(Q) for a function or a vector-valued function f

of [ is square integrable on every compact subset of ().
Now we consider the following Cauchy problem of the first order symmetric
hyperbolic system:

n

1) g;u+i=la-a—xi(A"u)+Bu+ c=0,
(2) u(x, 0) = Y (x),

where A' (1<i<n) are I x | symmetric matrices, B is an I x [ matrix, C is
an [ x 1 matrix and each element of these matrices belongs to Lfo c(ﬁ). More-
over, we suppose that A’, B and their first derivatives in the distribution sense
are bounded in 9.

A (vector-valued) function u is called a weak solution of the Cauchy problem
(1), (2) for the Cauchy data y(x) € leoc(HO) ifue leoc(m) satisfies (2) and

Jo i, [ 520+ Zl (4 §§?} (B $) - (C. ¢) | dxds

(3)
+ fy 0 9y ds— [ (w g)dx=0

for any ¢ (> 0) and for any function ¢ € C[0, o; H(l)’z(E”)]. Here the space
Hé'z(E") is the closure of C:(E") by the norm

Il - (f,s,, > ,D;ﬁlzdx)%’
la|<1

and the space C![0, ; H(l)'z(E")] consists of all functions ¢ with the following
properties: (i) ¢ is measurable in E”, (ii) for almost all ¢ € [0, =), the func-
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tion ¢(x, t) in x belongs to H(l)’z(E”), and (iii) the norm |||, as a function of
t belongs to C1([0, =)).
The theorem which we shall prove is as follows:

Theorem. Suppose that u € leoc(fD) is a weak solution of the Cauchy problem

for the symmetric byperbolic system

0 x= 0 i
(4) Etu + glé';l (A Il) + Bu= 0,
(2 u(x, 0) = Y(x)

under the assumption stated above. Further suppose that the following conditions
(i), (i1) and (iii) are valid:

(i) The coefficients A', B and their first derivatives in the distribution sense
are bounded in P.

(ii) Let At =1t -1, Ax, = xi' -x, and Al.Ai = Ai(xl, Xyyree, xi', e X, t)
- A'(xy, x5 + -+, %, t). Then there exist nonnegative locally integrable functions
v(z), p.i(t) (i=1,2,+-.,n) bounded in [0, ] such that, in D,

AA*
(KBS O <v(d6 &, (16 E)<u&€) (=12, n)

for any vector &,
(iii) For any compact set 'Hz in Hz' there exists a constant K (> 0) such
that

f~ (u, uydx < Ke™2at t €0, ),
H,

for any constant a> 0.

Then u is identically equal to zero in 9.

3. The energy inequality. We modify the coefficients of (4) by the standard
mollifier method. Let wil) (k=1,2,...) be an infinitely differentiable nonneg-
ative function on E” with support contained in |x| < 1/k and satisfying
Jen wil)(x) dx =-1. Further, let wi” (=1, 2, ...) be an infinitely differentiable function
on (- o0, %) with compact support |¢| < 1/k and satisfying ffmwgez)(t) dt =1,

Denote by wk(y, s) the product wil)(y) wiZ)(s). For any function [ locally
integrable in 9, we put

[k(x, 1) = /*wk(x, 1) = ff”/(y, s) wk(x —-y, t—s)dyds.
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Then f, (k=1,2,...) is infinitely (many times) differentiable in 9 and f, tends

to / in the L?-norm (p > 1) on every compact subset of P as & tends to infinity.
We put A, (x, ¢) = (ak (x, 1)) for a matrix A(x, 1) =(q, % 1) with a;; eLloc(fD)

where a’e (x, t) =a; *w (x, t). In such a manner, we consxder matrices A}

(=1, 2 <o, n) and B, for matrices At (i=1,2,3,+---,n) and B in (4), re-

spectively. Thus we have a system

' d
“) a—tu+1z;—x(A'u)+Bku—O.

First we have the following

Lemma 1. The conditions in the Theorem imply that

(ii) ' there exists a nonnegative function p(t) € Llloc([O, ©)) being bounded
and satisfying

( ;2”: >€,£ <h& &)

for any &.

Proof. It is almost obvious that there exists vy € L!

loc([0, =)) satisfying
B, &) <v, () (&, €). In fact, we have

1 '
B& O = | 20 vk »g,.g;l
i,j=1
]
= ff Z bi,'()’: S)é-i‘fjwk(x— y, t— s)dyds
i,j=1
< <J;5n wil)(x - ) dyfooo v(s) wiz)(t - s)dsé f)

<f0°° v(s) wiz)(t - s)dsé, rf> =v (& &)

where Vo(t) = f:v(s) wiz)(t -s)ds € Llloc([O, «)) and bounded.
Next we have only to show that there exist nonnegative functions Fi' () e Lll o c([O, o))
(i=1,2,-++,n) being bounded such that

\BAL/0x )& &) <puld & &) (i=1,2,3,++, n)

Since ([AA i/Axi +p (01 &, £)> 0 and since w, is positive, the convolution of
[AiAi/Axi + pi(t)] and w, is nonnegative, so ( [AiAi/Axl. + ui] *wk(x, t) & €)
> 0 implies that



1972] WEAK SOLUTIONS FOR HYPERBOLIC SYSTEMS 429

([AALx, 0/Ax, +pl(D14 €)> 0

where [,Li' ) = f;"y: (t-s) wiz)(s) ds € Llloc ([0, =)) is bounded. By passing
through the limit, with respect to the difference quotients we have

(BAL/0x) & E)>—pl(& &), i=1,2,3,--,n

Similarly, we have \(aAi/ax )& E)< ;4' (£) (&, € ), and hence ]((aAi/ax )& &)
<p/ (D (& €). Thus putting p(s) = v (t) + % 2% _ p/ (1), we then obtain (ii)".
Q.E.D.

Lemma 2. If a function A on E™ and its derivatives in the distribution sense
are bounded, then the smoothed functions A, and aAk/axi (j=1,2, ..., n) are
uniformly bounded (independent of k), where Ay =Axw, and w, is a mollifier.

It is easy to prove this lemma, so we omit the proof here (cf. [6]).

Now consider the Cauchy problem

(5) a¢+zAli__Bk¢ F,
6 é(x,0=0

for any given function F € C*(9) with compact support. It is well known in the
classical theory that the solution ¢ of (5) and (6) (depending on k) is sufficiently
smooth and has compact support. This support is also independent of k. Here
A;; and B} are the smooth matrices associated with the matrices A* and the trans-
pose B* of B respectively.

By assuming (ii)’ in Lemma 1, we prove that for the solution %, of the Cauchy
problem (5), (6), integrals [{, [y (b, , ¢, ) dxds and [{ [u (3¢, /x , b, /0x ) dx ds
are bounded uniformly (independent of k). We start from the following
lemma about the energy inequality.

Lemma 3. Let ¢ with compact support in E™ be a solution of the Cauchy
problem

5) ZA‘—-—-qus F,
=1

) b (x, 0) = (%)

for any given ¢ € CS" (E™) and F € C°(D) with compact support. Suppose that
the coefficients of (5) satisfy the condition (ii)' in Lemma 1. Then the inequality

th (¢ p)dx+ f; fHS (b b) dxds

€)) .
Sem(fno (¢, ¢)dx+f0 st (F, F)dxds)



430 H.-C. LAI [August
holds for a sufficiently large X and for any t € [0, ).

Proof. It is obvious that

ff{ Z< ,¢>—<Bk¢,¢)}dxds~ff (F, ¢) dxds

implies

ff < > Z<——<A;¢) <¢>—(Bk¢, é) dxds

=f0 Ls (F, ¢)dxds.

By differentiating with respect to ¢, we have

J id J .
9 fH, {—<§?, <;> + ; (97(A;‘¢), q> + (B, ¢)} dx = J;"t (- F, ¢)dx.

It is clear thar

I, <—(A‘¢) ¢ dx—f <-——A' ¢,¢ dc+ [ <4 -, >dx

and

[ < (A, ¢ >dx- f, <;¢, > -1, Qw’}

so we have

1 n_ [dAl n
(10) _E Lt§<3»’f¢’ ¢>th= thg < - >

Since ¢ € C™ (D) has compact support in E”, we see that

1 i X = (zf X
(11) dtLt(¢,¢)d_2Lt<at,¢>d.

Set ¢ = eMy and f=+ e~ MF for a constant A (> 0). Then (10) and (11) are sat-
isfied by v instead of ¢ and we have
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=£—I + iA' dy Z—-u,v +<(Ble-M)v’ v) +(f, v)} dx,

which is equivalent to (9), where I denotes the identity matrix. Applying the iden-
tity (10), we then have

2fH,< ’V>dx—2f (vyds+ |, <2(B —M)+ -~ 4 IJU.U dx.

Therefore, by the virtue of (11), we get

n_ JAl
d
Z j;’t (v, v)dx =2 IH,(/' v)dx + j;"t [Z(Bk—)\l)+z§;f]v, v ) dx.

i=1

Integrating this identity with respect to ¢ from 0 to ¢, we have

J;’t (v, v)dx - J;"O (v, v)dx

(12) =2 ! f, (1 vydeds+ I, <ZBk+iZ—‘:;f)v,v dx
o o i=1 9%;

-2) fot fH {v, v)dxds.
S

By v(x, 0)= ¢(x, 0) = ¢(x), we have

];_" (v, v)dx - "’-"0 (Y, Y)dx
<[ Ju 12872 axas + IN stlu]?gZ(s)dxds

\ n 9AL :
+ j‘; j;'ls 2Bk+§—‘ax. v, v dxds—z)xj;) J;'s (v, v)dxds
= 13

where we assume that g(t) (£ 0) together with g~ !(¢) is an arbitrary locally-
square integrable function on [0, ). Therefore we have
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j;-lt (v, v)dx+ fot J;"s (v, v)dxds

S ARU N K P CIVE
n aA

ffH [32(s)+1—2)\]|u|2dxds+f f <2B +Z v,v dx ds.

Choose g(t) such that g2(¢) = 2A - 2u(t) = 1> 1 for a sufficiently large A, where

u(2) is such a function as in Lemma 1. Then

f (v, v)dx + J: st (v, v)dxds < LO (Y, Y)dx + fot st g 2(9)|f|%dxds

or

th (b p)dx + J;t J;_,s (¢, d)dxds
< e?M [j;*o (¥ Y)dx+ L‘ fHS (F, F)dxds].

This proves our lemma.
An analogous inequality is satisfied by energy integrals [[u(¢)||, defined as

llly = (f, Qa2+ 100D ax)",

2 1t follows that

where D'y = 27 | 0u/dx; and |D'u|? = 37, |9u/ox,
Lemma 4. Under the assumption in the Theorem, the solution ¢ of (5), (7)

with compact support satisfies the following inequality:
2 1 t 2 1412
Jo 812 1D1g12ax s f1 [, (1g1%+ D9l drds

(13)
< CetM [fHo(wlthl«plz)d“ fo‘ st(|F|2+|D1F|2)dxds]

or simply denoted by
1613+ [ Mo 2ds < cet (1 + [ 1N ds)

where C is a constant and M is sufficiently large.

Proof. Recall the equation
d¢

n 3¢
(5) L= Ai_ 4+~ _B*¢=F.
? Zl LA
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Differentiating (5) with respect to X, we have

(14) L —+ _——— - —— = —

For brevity, we put V = 27 _, aq&/ax]. = D¢ and then
LV =D'F+D'B} - ¢ Z—.DlAl_b say.

It is evident that b is continuous and has compact support, thus by the same

argument as in the proof of Lemma 3, we obtain

th (U, Uydx - fHO (U, U)dx

=2 j: fH (e-)\sb, U)dxds
S

+J;)z fHS <ZB +Z >U U Vdxds - 2Af IH (U, U)dxds,

where U =e 2V (A> 0). Clearly we see

th (U, U)dx -fHO (U, U)dx

S2ff fy (e™oh Uhdxds + [ [ (Qu(9) - 20U, Ubdxds

Z, ¢ .

_ t =A 1 1p* 1

Jfo fnse s <D F+D qus-z 1:3_”0 A;),U dx ds
1= 1

+ st ((2u(s) = 20 U, U)dx ds

t 1p|2,-2 t 1g* (12 -2
SJ;) st|D F|%g™%(s) dxds + j;) st|D B ¢l ‘g (s) dxds

t -ZAs
+ e
J:) st

+ j;t j;'s (3g2(s) —= 22 + 2u(s))| U| 2 dx ds,

% ’ IDIA - g Us)dxds

where g(t) is locally integrable and nowhere zero in [0, «). Let M be the bound
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of DIA;; (i=1,2 .--,n) and C the bound of DlB‘,:. It is known that M and C

are independent of k. Choose g(s) = (1/3)[2A - 2u(s) = 1 = M] > 1 for a suffi-
ciently large A. Then

j;’t (U, Ubdx + (1 + M) J;‘ L (U, U)dxds

SfHo W, Uy + [} st (D'F, D'F)dxds

c (! dxds+ M [ s g [92 99 dxd
+ J;IHS(¢,¢)xs+ Lﬁ’se ; —,é—x—l x ds

or

2 2t [t -
J;{tlquSI dx + e ‘J; ste 245\ p1gs| 2 dx ds

Sez_u{fHowl‘Mdeﬁ)‘ leDlFlzdxds+CLt st|¢;2dxds}.
Thus
Lt|01¢|2dx+ IN fﬁswlqﬂzdxds
as) <22M

< {fHO‘D1¢|2dx+ J;‘ fHS|D1F|2dxds+CL‘ fys |¢o|2dxds>.

Multiplying (8) by (1 + Ce2 ) and then adding to (15), we obtain

Lt('¢|2+|Dl¢|z)dx+ fo‘ L$(|¢|2+|Dl¢|z)dxds+Cen‘st|¢o|24x
s {2 DD ax [ Ju, 4R+ 10171 D dcas}

+ CeidM {fHo |¥] 2dx + L‘ fH IFlzdxds}.
S

Therefore,

th(|¢|2 +|D1¢| D dx + jo‘ JHS (|#| %+ | D¢ D dxds

SMz {‘L’O (|¢|2+|Dl¢|2)dx+ J;)t f”s(|Fl2+ IDIFIZ)dxa's}

where M, = max (e2M, Ce*M), The constant C can be taken as larger than 1, so
Mt is chosen as Mt = Celt,

4. Proof of the main theorem. The weak solution u of the equation (4) sat-
isfies the following equality:
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S i 99 d¢
16) j;)t st [; Ay, e + é' Is->_ (Buy, ¢):| dx ds

N fHo (u qS)dx—J;_I‘ (0, $)dx =0

for any ¢ € CP(D) with compact support in P and for any fixed ¢ € [0, =). We
have to prove that z vanishes indentically in 9 under our assumption. It sufficies
to show that [ [y (u, F) dx dt =0 for any F € C*(9) with compact support in
D. Let ¢, be the solution of (5), (6). Then (16) holds for ¢ = ¢, .

By (5) and (16),

Jot j;"s (u, F)dxds = J: fﬁs (u, F)dxds

0%, 9%,
le

=j;; fﬁs u,iA EPy __Bk¢ dxds

i=1

-J;; fﬁ u,ZA' ¢k+_¢£_3¢k dxds
S

- Ja o B+ f5 @ B,

where ﬁt is the support of F in H,. Since qSk vanishes on the hyperplane H
and has compact support in H,, we have

J'Ot IHS (u, F)dxds
n ]

Sj;t fns u,;(Ai_AQ%

an e 5 fu, 1w BL= B g deds v [, 1w 4, dx

-fi Ja,

* j(; fﬁs |(u, (Bk - B*)¢k)| dxds + fﬁt [{, ¢k)l dx.

dx ds

d
(A' Ad) ﬁ dx ds
dx

It follows from Lemma 3 and Lemma 4 that

ff (P> ‘F"k)dxds and f Lsi a¢k f)¢k dxds
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are uniformly bounded (independent of k). On the other hand, Ai — Al i=1,2,
-++,n) and Bf — B* (k > ) in L%-norm on 'Ht C9. Therefore, for u €L12°c(9),

' o~ 9,
ﬁ)fﬁs u,g(A;e—Ai):;—xj dxds

¢’k

Y%
(A' ') i dxdsi

5“”"1,2(17,) zz_:f f

—0 as k——ooo,

and
¢ *— * t * % 2 %
Iy o Vo B B0 laes <l (f1 S 1085 B 67 dnas)

— 0 as k— .

By (iii) the last term on the right-hand side of (17) can be estimated as follows:

Ja, 1 2 1 ax <10 o (fi, 107 4) < bl - (k220

for any positive a. Therefore,

“;t fHS (u, F)dxds

which together with Lemma 3 yields

j: st (4, Fydxds

This proves that the weak solution u vanishes identically on P.

1 -at
<K "¢k"L2(Flt)e ’

lim
t—o00

= 0.
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